Formal fibers at height one prime ideals  by Loepp, S.
Journal of Pure and Applied Algebra 148 (2000) 191{207
www.elsevier.com/locate/jpaa
Formal bers at height one prime ideals
S. Loepp
Department of Mathematics, Williams College, Williamstown, MA 01267, USA
Communicated by C.A. Weibel; received 22 June 1998
Abstract
Let (T;M) be a complete local (Noetherian) unique factorization domain with dimension at
least two, jT=M j  c where c is the cardinality of the real numbers, and p a nonmaximal
prime ideal of T such that p intersected with the prime subring of T is the zero ideal. Fur-
thermore, suppose F is a nonempty set of nonmaximal, incomparable prime ideals of T such
that jF j< jT=M j, and for every q2F; q 6p; q intersected with the prime subring of T is the
zero ideal, and htp + 1  ht q. Then there exists a local unique factorization domain A such
that the completion of A is T; p \ A = (0); Q \ A 6= (0) for all prime ideals Q of T such that
htQ> htp, and A\ q= zqA for all q2F where zq is a nonzero prime element of T . Moreover,
if q; q0 2F then A \ q = A \ q0 if and only if q = q0. Therefore, the dimension of the generic
formal ber ring of A is equal to the height of p and the dimension of the formal ber ring
at the prime ideal zqA is greater than or equal to the height of q − 1. We also show that this
result leads to interesting examples of some easily describable generic formal bers. c© 2000
Elsevier Science B.V. All rights reserved.
MSC: 13
1. Introduction
Suppose A is a local Noetherian ring with maximal ideal P, A^ the P-adic comple-
tion of A, and Q a prime ideal of A. We dene the formal ber of A at Q to be
Spec( A^ ⊗A k(Q)) where k(Q) is AQ=QAQ. Note that we can also think of the formal
ber of A at Q as the inverse image of Q under the morphism Spec A^ ! SpecA.
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We call the ring A^ ⊗A k(Q) the formal ber ring of A at Q. Matsumura and others
[8,9,2] have investigated the possible dimensions of these formal ber rings. Following
Matsumura in [8], we dene
(A;Q) = dim(A^⊗A k(Q));
and
(A) = supf(A;Q) jQ2SpecAg:
In [8], Matsumura shows that if A is a local Noetherian domain with quotient eld
K , then (A) = dim( A^ ⊗A K). In other words, (A) is the dimension of the formal
ber ring of A at the prime ideal (0). We call this particular formal ber ring the
generic formal ber ring. Results of Matsumura in [8] and Rotthaus in [9] show that
it is possible to control the dimension of the generic formal ber ring. Specically, if
d  2, and 0  t <d, there exists a local domain A such that dim A=d and (A)= t.
Furthermore, it is shown in [6] that such a domain A can be constructed so that A
is excellent and A^ ⊗A K is a local ring. We note here that throughout this paper, if
p2Spec A^ such that p \ A= (0), we will say (by abuse of notation) that p is in the
generic formal ber of A.
In this paper, we construct a unique factorization domain A so that we not only
have control over the dimension of the generic formal ber ring of A, but also have
control of the dimension of some of the formal ber rings of A at height one prime
ideals. The main theorem (Theorem 23) of the paper is: Let (T;M) be a complete
local unique factorization domain with dimension d  2; jT=M j  c where c is the
cardinality of the real numbers, p a nonmaximal prime ideal of T such that p in-
tersected with the prime subring of T is the zero ideal, and F a set of nonmaximal,
incomparable prime ideals of T such that jF j< jT=M j, and for every q2F; q 6p
and q intersected with the prime subring of T is the zero ideal. Furthermore, sup-
pose htp + 1  ht q for every q2F . Then there exists a local unique factorization
domain A such that A^ = T; A \ p = (0); Q \ A 6= (0) for all prime ideals Q of T
such that htQ> htp and for every q2F; A \ q = zqA where zq is a prime element
of T . Moreover, if q; q0 2F then q \ A = q0 \ A if and only if q = q0. Furthermore,
if htp<d − 1, then A can be constructed to also satisfy the property that for any
prime ideal Q of T such that Q 6p and Q 6q for every q2F , we have Q \ A 6= (0).
Note that (A) = htp and (A; q \ A)  ht q − 1 for every q2F . So, we can con-
trol the dimension of the generic formal ber simply by choosing the height of p.
Likewise, we can control the dimension of the formal bers over A \ q by choosing
the height of q, keeping in mind that we must have htp + 1  ht q. This condition,
in fact, is necessary. In [8], Matsumura shows in Theorem 1 that if P and Q are
prime ideals of the ring A and QP, then (A;Q)  (A; P). In our case, this im-
plies that (A; p \ A)  (A; q \ A), which, by our above observations implies that
htp+ 1  ht q.
This result also provides us with some interesting examples of easily describable
generic formal bers. For example, let T = C[[X; Y; Z]] where C denotes the complex
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numbers, p=(X ) and F=f(Y; Z)g. Then, we have that the height of p is two less than
the dimension of T . Now, use the main theorem to get a unique factorization domain A.
We know that (Y; Z)T \ A= fA where f is a prime element of T and for any prime
ideal Q of T such that Q 6p and Q 6(Y; Z) we have Q \ A 6= (0). It follows that the
generic formal ber of A is fpg [ fP 2SpecT jP(Y; Z)g − f(Y; Z); fTg.
Recently, Christel Rotthaus informally asked the question: Is there a nontrivial exam-
ple of a local ring A which has the property that (A)= t and (A=P)= t for innitely
many height one prime ideals P of A? Our main theorem provides such an example.
Let T = C[[X1; X2; : : : ; Xn]] where n  3 and p = (X1; : : : ; Xn−2). Let F be an innite
set of height n− 1 prime ideals of T such that jF j< jCj. Then, use the main theorem
to get the ring A. Now, (A) = n− 2 and (A=q \ A) = n− 2 for every q2F .
We note here that all rings in this paper are commutative with unity. When we
say a ring is local, Noetherian is implied, and when we say a ring is quasi-local, we
mean a local ring that is not necessarily Noetherian. Also, when we say that (T;M)
is a quasi-local ring, we mean T is a quasi-local ring with maximal ideal M . In this
setting, we use T^ to denote the completion of T in the M -adic topology. We will use
c to denote the cardinality of the real numbers, and UFD will be used to denote a
unique factorization domain.
The construction of the UFD A in the main theorem is based on the construction
Heitmann uses in [3]. We start with the prime subring of T . Then, in Lemma 20,
we construct a subring S of T that contains the prime subring of T and such that S
is a UFD and p \ S = (0), while q \ S = zqS for every q2F where zq is a prime
element of T . To guarantee that our ring A will have T as its completion, we employ
Proposition 1 from [4] which states that if (R; R \ M) is a quasi-local subring of a
complete local ring (T;M), the map R ! T=M 2 is onto, and IT \ R = I for every
nitely generated ideal I of R, then R is Noetherian and the natural homomorphism
R^ ! T is an isomorphism. Keeping this in mind, we construct an ascending chain of
subrings of T; fRg starting with S such that the following conditions are satised for
every :
(a) R is a UFD,
(b) R \ p= (0),
(c) if t 2T is regular and P 2Ass(T=tT ); then ht(P \ R)  1,
(d) for every q2F; R \ q= zqR where zq is a prime element of T ,
(e) IT \ R = I for every nitely generated ideal I of R.
In addition, we also force the following properties:
(f) if t 2T=M 2, then there is an element x2 t such that x2 SR,
(g) if Q2SpecT with Q 6p and Q 6q for every q2F , then there is a y2Q such
that y2 SR.
A=
S
R will then be our desired ring. In view of Proposition 1 from [4], conditions
(e) and (f) will give us that A^=T . Condition (b), of course, ensures that A\p=(0),
while we need conditions (a) and (c) to guarentee that A will be a UFD. Condition
(d) is needed so that A\ q is a height one prime ideal of A and condition (g) ensures
that (A) = htp.
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2. Preliminaries
We rely on the following result (Proposition 1 in [4]) to ensure the desired comple-
tion of our constructed UFD.
Proposition 1. If (R;M \ R) is a quasi-local subring of a complete local ring (T;M);
the map R! T=M 2 is onto and IT \ R= I for every nitely generated ideal I of R;
then R is Noetherian and the natural homomorphism R^! T is an isomorphism.
In our construction, we will often want to nd elements in T that are transcendental
over R=(R\P) as elements of T=P for certain subrings R of T and certain prime ideals
P of T . For example, suppose R is a subring of T and p a prime ideal of T such that
R \ p = (0). Then, if x + p is transcendental over R=(R \ p) as an element of T=p,
we have that R[x] \ p= (0), so we can safely adjoin such elements without adding a
nonzero element of p. We use this property to ensure A\p=(0). Lemma 2 is Lemma 3
from [3] and Lemma 3 is Lemma 4 from [5]. They are both \avoidance" lemmas that
enable us to nd elements with the above desired transcendental property.
Lemma 2. Let (T;M) be a local ring. Let C SpecT; let I be an ideal such that
I 6P for every P 2C; and let D be a subset of T . Suppose jC  Dj< jT=M j. Then
I 6S fP + r jP 2C; r 2Dg.
Lemma 3. Suppose (T;M) is a local ring with jT=M j innite. Let C1; C2SpecT; u;
w2T such that u 62P for every P 2C1 and w 62Q for every Q2C2. Also; suppose D1
and D2 are subsets of T . If jC1  D1j< jT=M j and jC2  D2j< jT=M j; then we can
nd a unit x2T such that
ux 62
[
fP + r jP 2C1; r 2D1g;
and
wx−1 62
[
fQ + a jQ2C2; a2D2g:
Following Heitmann in [3], we dene N-subrings as follows.
Denition 4. Let (T;M) be a complete local ring and let (R;M \ R) be a quasi-local
unique factorization domain contained in T satisfying
(i) jRj  sup(@0; jT=M j) with equality only if T=M is countable,
(ii) Q \ R= (0) for all Q2Ass(T ), and
(iii) if t 2T is regular and P 2Ass(T=tT ), then ht(P \ R)  1.
Then R is called an N-subring of T .
We note here that we will often assume jT=M j>@0, in which case condition (i) is
simply jRj< jT=M j. Also, we will often assume that T is a domain, making condition
(ii) trivial. Condition (iii) is needed to ensure that A is a UFD.
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Denition 5. Suppose (T;M) is a local ring, p 6= M a prime ideal of T , F a nonempty
set of nonmaximal incomparable prime ideals of T such that jF j< jT=M j and q 6p
for every q2F . Then we call F a p-subset of SpecT .
When we construct our ascending chain of subrings of T , we will want them to
satisfy more conditions than simply being N-subrings. So, we dene the following
special class of N-subrings.
Denition 6. Let (T;M) be a complete local domain, p 6= M a prime ideal of T and F
a p-subset of SpecT . Suppose (R;M \R) is an N-subring of T such that the following
three conditions are satised:
(i) R \ p= (0),
(ii) R \ q= zqR for every q2F where zq is a nonzero prime element of T ,
(iii) If q; q0 2F , then q \ R= q0 \ R if and only if q= q0.
Then R is called an (F; p) N-subring of T .
Denition 7. Let (T;M) be a complete local domain, p 6= M a prime ideal of T and
F a p-subset of SpecT . Suppose R and S are (F; p) N-subrings of T such that R S.
Then S is called an (F; p) N-subring extension of R.
Lemmas 8 and 9 are easy consequences of the denition of (F; p) N-subring exten-
sions and will be used often.
Lemma 8. Let (T;M) be a complete local domain; R an (F; p) N-subring of T and S
a subring of T such that R S. Then S satises condition (iii) of (F; p) N-subrings.
Proof. Let q; q0 2F with q \ S = q0 \ S. Then, q \ R= q0 \ R, so q= q0.
Lemma 9. Let (T;M) be a complete local domain and S an (F; p) N-subring exten-
sion of R. Let q2F with q\R=zR where z is a prime element of T . Then; q\ S=zS.
Proof. Since S is an (F; p) N-subring and q2F , then S \ q=wS where w is a prime
element of T . Now, z 2R\ q S \ q=wS, so z 2wT . It follows that zT =wT . Hence,
z=wt where t is a unit of T . Now, z=ws=wt for some s2 S, and it follows that s= t.
Since t is a unit of T , we have s is a unit of S. Hence, zS=wS and so S \q= zS.
3. The construction
To begin our construction, we turn our attention back to Proposition 1. We need to
construct our ring A to satisfy the property that IT \A= I for every nitely generated
ideal I of A. Theorem 10 is key for this. We note here that the proof of Theorem 10
is based heavily on the proof of Theorem 6 from [5]. Nevertheless, we will include
all details of the proof here.
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Theorem 10. Let (T;M) be a complete local domain with jT=M j>@0; p 6= M a prime
ideal of T and F a p-subset of SpecT . Let (R; R \ M) be an (F; p) N-subring of T
and I a nitely generated ideal of R with c2R and c2 IT: Then there exists an (F; p)
N-subring extension S of R with R S T; jSj= jRj; and c2 IS.
As the proof of Theorem 10 is quite lengthy, we rst prove a series of three claims
before proving Theorem 10.
Claim 11. We can reduce to the case where IR is not contained in a height one prime
ideal of R.
Proof. First, consider the ideal aR where a is a prime element of R and suppose
c2 aT . Let P 2Ass (T=aT ). Then, by property (iii) of N-subrings, P \ R = aR. Now,
c2 aT P. Hence, c2P \ R = aR. So, if aR is a height one prime ideal of R and
c2 aT , then it follows that c2 aR.
Now, let I =(y1; : : : ; ym)R and suppose (y1; : : : ; ym)R aR where aR is a height one
prime ideal of R. Then, c2 IT  aT . By what was shown above, it follows that c2 aR.
So, fc=a; y1=a; : : : ; ym=ag2R. Now, IT is properly contained in a−1IT . It suces to
prove Theorem 10 with c replaced by c=a and yi replaced by yi=a. We repeat this
process to reduce to the case where I is not contained in a height one prime ideal of
R. This eventually happens since otherwise we would get an innite strictly increasing
chain of ideals of T , voilating the Noetherian property of T . Hence, without loss of
generality, we may assume I is not contained in a height one prime ideal of R.
Claim 12. Theorem 10 holds if I is generated by one element.
Proof. In this case, Claim 11 gives us I = R and so S = R works.
Claim 13. Theorem 10 holds if I is generated by two elements.
Proof. We rst use Claim 11 to reduce to the case where I is not contained in a
height one prime ideal of R. Let I = (y1; y2)R. As c2 IT , we have c= t1y1 + t2y2 for
some t1; t2 2T . Now, for any t 2T , we have c = (t1 + ty2)y1 + (t2 − ty1)y2. Dene
x1= t1+ ty2 and x2= t2− ty1 where we will pick t later. Let R0=R[x1; y−12 ]\R[x2; y−11 ]
and let S be R0 localized at R0 \M .
We must rst show that R0T . Now, suppose u=v2R0−T where u and v are in T .
Consider the T -module T=vT . Since u=v 62T , we have Ann(u + vT ) 6= T . Now, (v :
u)Ann(u + vT ) and it follows that (v : u)P for some P 2Ass(T=vT ). As R is
an N-subring, we have ht(R \ P)  1, and by Claim 11, (y1; y2)R 6(R \ P). Hence,
P cannot contain both y1 and y2. Without loss of generality, suppose y1 62P. Then,
u=v2R0R[x2; y−11 ]TP . It follows that TP=(v : u)TP . But, this cannot happen since
(v : u)P. So we have R0T as desired.
Now, c = x1y1 + x2y2, so if we can show that x1 and x2 are in S, then it would
follow that c2 IS. But as x2=(c−x1y1)=y2 and x1=(c−x2y2)=y1, this is clear. To see
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that jSj= jRj, note that nite integral domains are elds, and since we are assuming I
is generated by two elements, we are assuming that R is innite.
It remains to show that t can be chosen to make S an (F; p) N-subring. To pick t,
we will use Lemma 2 and so we now work to dene the sets C and D. First, dene
C = fpg [ F [ fP 2SpecT jP 2Ass(T=rT ) with 0 6= r 2Rg:
By hypothesis, M 6p and M 6q for every q2F . Suppose M 2C − (p [ F). Then,
ht(M \R)= 1. But, by Claim 11, fy1; y2g 6M \R, a contradiction. Hence, M 6= P for
every P 2C. Suppose fy1; y2g q for some q2F . Then, (y1; y2)R q \ R, a height
one prime ideal of R, violating Claim 11. Hence, fy1; y2g 6P for every P 2C.
Let P 2C and suppose y1 is not in P. Now, suppose t + P 6= t0 + P as elements
of T=P. Then (t − t0) 62P, but as y1 62P, we have (y1t − y1t0) 62P and it follows that
(t2 − t0y1) − (t2 − ty1) 62P. Hence, (t2 − t0y1) + P 6= (t2 − ty1) + P. So, each choice
of a coset t + P yields a dierent coset x2 + P. Noting that jR=(P \ R)j  jRj, we see
that the algebraic closure of R=(P \ R) in T=P has cardinality at most the cardinality
of R. So, for all but at most jRj choices of cosets, we get cosets t+P 2T=P that make
x2+P 2T=P transcendental over R=(R\P). Let D(P) be a full set of coset representatives
for the cosets t + P that make x2 + P 2T=P algebraic over R=(R \ P). (If y1 2P then
y2 62P, so dene D(P) to be a full set of coset representatives for the cosets t+P that
make x1+P algebraic over R=(R\P).) Then, as noted above, jD(P)j  jRj. Now, dene
D=
S
P 2C D(P). Then, jC−F j  jRj and so jCDj< jT=M j. Now, we use Lemma 2
(with I =M) to nd a t2M such that t 62 S fP+ rjP2C; r2Dg. This is the desired t.
We now show that S is a UFD. By the way t was chosen, it is clear that x2 + p
(an element of T=p) is transcendental over R=(R \ p). It follows that x2 is transcen-
dental over R. It is easy to see that x1 is transcendental over R if and only if x2 is
transcendental over R. So, we have that R[x1] is a UFD. Now, since R[x1] and R[x2]
are UFDs, they are also Krull domains. If we localize a Krull domain, we still have a
Krull domain (Theorem 12:1 in [7]). So, R[x1; y−12 ] and R[x2; y
−1
1 ] are Krull domains.
By Theorem 12:4 in [7], we know that intersecting Krull domains which have the same
eld of fractions gives us another Krull domain. So, R0 is a Krull domain. Note that
R[x1; y−12 ; y
−1
1 ] = R[x2; y
−1
1 ; y
−1
2 ] and this is a Krull domain, so R[x1; y
−1
1 ; y
−1
2 ] =
T
V
where the V’s are the essential valuation rings (localizations at height one primes). It
follows that R[x2; y−11 ]= (
T
V)\Y1 \    \Yk and R[x1; y−12 ]= (
T
V)\W1 \    \Wl
where fY1; : : : ; Ykg are the localizations at the height one primes that contain y2, and
fW1; : : : ; Wlg are the localizations at the height one primes that contain y1. So, we
have
R0 =
\
V

\ Y1 \    \ Yk \W1 \    \Wl:
Now, we will show that prime elements in R are prime in R0. So, suppose a2R is a
prime element. Then, by Lemma 11, we have either y1 62 aR or y2 62 aR. Without loss of
generality, assume y2 62 aR. Then, as x2 is transcendental over R, we have y2 62 aR[x2].
Now a is prime in R[x1; y−12 ] and so it is a (prime) nonunit in exactly one of the
valuation rings in the set fVg [ fW1; : : : ; Wlg, and a unit in all of the rest. Clearly, a
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is either prime or a unit in R[x2; y−11 ]. If a is a unit in R[x2; y
−1
1 ], then a is a unit in
all of the valuation rings in the set fY1; : : : ; Ykg. If a is prime, then y1 62 aR[x2]. This,
together with our assumption, gives us that y2 62 aR[x2; y−11 ]. Hence, we have aYj = Yj
for every j=1; 2; : : : ; k. So, a is a unit in all of the Yj’s. It follows that a is a (prime)
nonunit in exactly one of the valuation rings that make up R0, and so a is a prime
element of R0. Therefore, prime elements of R are prime in R0. Now, as R is a UFD,
we can factor y1 and y2 into primes, say y1 = b1    bs and y2 = a1    ar . We dene
G to be the multiplicative set generated by the elements fb1; : : : ; bs; a1; : : : ; arg. Then,
by what we have just shown, G consists of prime elements of R0. So, if we can show
(R0)G is a UFD, then by Theorem 19:20 in [1], we can conclude that R0 is a UFD.
We claim (R0)G = R[x1; y−11 ; y
−1
2 ]. Clearly, when we localize at G; y1 and y2 become
units. So, in the ring (R0)G, the valuation rings fY1; : : : ; Yk ;W1; : : : ; Wlg are no longer
essential. Hence, we have (R0)G = R[x1; y−11 ; y
−1
2 ]. It follows that R
0 is a UFD, and so
we have that S is a UFD.
We now show that for our choice of t; S \ p = (0). Clearly, y1 62p. It follows by
the way t was chosen that x2 + p is transcendental over R=(R \ p). Hence, R[x2] \
p=(0). Clearly, then, we have R[x2; y−11 ]\p=(0). Now, as R0R[x2; y−11 ], we have
R0 \ p= (0). As S is just a localization of R0, we have S \ p= (0).
We now show condition (ii) of being an (F; p) N-subring is satised. Let q2F .
Then R \ q = zqR where zq 6= 0 is a prime element of T . It suces to show R0 \
q = zqR0. Now, either y1 or y2 is not in q. Without loss of generality, suppose
y1 62 q. Let g(x2; y−11 )2R0 \ q. Then, multiplying through by a high enough power
of y1, we get (yk1)g(x2; y
−1
1 )2R[x2] \ q. But, by the way we chose t; x2 + q is
transcendental over R=(R \ q) and so the coecients of (yk1)g(x2; y−11 ) are in R \
q = zqR. So, (yk1)g(x2; y
−1
1 )2 zqR[x2]. It follows that g(x2; y−11 )2 zqR[x2; y−11 ]. Now,
if y2 62 q we can show in the same way that g(x2; y−11 ) = f(x1; y−12 )2 zqR[x1; y−12 ].
Hence, g(x2; y−11 )2 zqR[x2; y−11 ] \ zqR[x1; y−12 ] = zqR0. On the other hand, if y2 2 q,
then y2 2R \ q= zqR, so zqR[x1; y−12 ] = R[x1; y−12 ] and we still have g(x2; y−11 )2 zqR0.
Hence, S \ q = zqS so condition (ii) of (F; p) N-subrings is satised. To see that
condition (iii) holds, just use Lemma 8.
It remains to show that if z 2T is a nonunit and P 2Ass (T=zT ), then ht (S \P)  1
(Condition (iii) of N-subrings). So, suppose z 2T is a nonunit and P 2Ass (T=zT ).
Then, as R is an N-subring, ht (R \ P)  1. Suppose ht (R \ P) = 0. Then, as R is a
domain, we have R\P=(0). So, in the ring R0(R0\P), all elements of R except for 0 have
been inverted. So, R0(R0\P) = k[x1]\ k[x2] localized at some set where k is a eld. But,
x2 2 k[x1], so R0(R0\P) = k[x1] localized at some set. Now, as dim k[x1]  1, we have
dim R0(R0\P)  1, and it follows that ht (R0\P)  1. Hence, ht (S\P)  1. Now, suppose
ht (R\P)=1. Then R\P=aR for some a2R\P. Now, the corollary to Theorem 6:2 in
[7] tells us that PTP 2Ass (TP=zTP). As depth TP =1 and a is regular, the ring TP=aTP
consists only of zero divisors and units. Hence, PTP 2Ass (TP=aTP). So, using the same
corollary in [7], we have P 2Ass (T=aT ), and it follows that P 2C. Now, either y1 or y2
is not in P. Suppose y1 62P. Let g(x2; y−11 )2R0\P. Then, multiplying through by a high
enough power of y1, we get (y1)kg(x2; y−11 )2R[x2]\P. But by the way t was chosen,
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the coecients of (y1)kg(x2; y−11 ) are in R \ P = aR, so (y1)kg(x2; y−11 )2 aR[x2]. It
follows that g(x2; y−11 )2 aR[x2; y−11 ]. Now, if y2 62P, we can show in the same way that
g(x2; y−11 )=f(x1; y
−1
2 )2 aR[x1; y−12 ]. Hence, g(x2; y−11 )2 aR[x2; y−11 ]\aR[x1; y−12 ]=aR0.
On the other hand, if y2 2P, then y2 2R\P=aR, so aR[x1; y−12 ]=R[x1; y−12 ], and we
still get g(x2; y−11 )2 aR0. It follows that ht (R0 \ P)  1, so ht (S \ P)  1 as desired.
So, if I is generated by 2 elements, Theorem 10 holds.
We have now built up the machinery we need to prove Theorem 10.
Proof of Theorem 10. We use induction on the number of generators of I . Call this
number m. If m = 1, we are done by Claim 11. Likewise, if m = 2 we are done by
Claim 12. So, assume m> 2. We construct an (F; p) N-subring extension R0 of R with
RR0T , and then nd an element c 2R0 and an (m − 1) generated ideal J of R0
with c 2 JT . By induction there exists an (F; p) N-subring S such that R0 S T and
c 2 JS. Then, we will show that c2 IS. It is clear that once we have done this, the
proof is complete.
Let I = (y1; : : : ; ym)R and dene J = (y1; : : : ; ym−1). Now, as c2 IT , we have c =
s1y1 +   + smym for sj 2T . We rst show that if J is not contained in a height one
prime of R, we can construct the desired (F; p) N-subring and nd c. So, suppose
Q2SpecR with htQ = 1 implying J 6Q. Let ~t = sm + u1y1 +    + um−1ym−1 where
uj 2T will be chosen later. Now, we dene R00=R[~t] and R0 the localization of R00 at
R00 \M . Dene c = c − ~tym. As c; ym 2R, we have c 2R0. Now,
c = s1y1 +   + smym − ym(sm + u1y1 +   + um−1ym−1):
So c 2 JT . Now we show that we can choose the uj 2T so that R0 is an (F; p)
N-subring. Let
C = fpg [ F [ fP 2SpecT jP 2Ass (T=rT ) with 0 6= r 2Rg:
Suppose P 2C with y1 62P. Then let D(P) be a full set of coset representatives for
the cosets t + P that yield cosets (sm + ty1) + P that are algebraic over R=(R \ P) as
an element of T=P. Now use Lemma 2 with D =
S
P 2C;y1 62 P D(P) to select u1 so that
sm+ u1y1 is transcendental over R=(R\P) as an element of T=P for every P 2C with
y1 62P. Repeat this process to nd a u2 so that sm+ u1y1 + u2y2 is transcendental over
R=(R \ P) as an element of T=P for every P 2C with y2 62P. Note that if P 2C with
y1 62P or y2 62P, then sm+u1y1+u2y2 is transcendental over R1=(R1\P) as an element
of T=P. We continue this process to get a set fujg so that sm+u1y1+   +um−1ym−1 is
transcendental over R=(R\P) as an element of T=P for every P 2C. To see this, suppose
P 2F [ fP 2SpecT jP 2Ass (T=rT ) j 0 6= r 2Rg and suppose JT P. Then J R\ P.
But as R is an N-subring, we have ht (R\P)  1. It follows that J R\P=Q where
Q is a height one prime of R. But, this is a contradiction as we have assumed this
cannot happen. Hence, JT 6P. So, fy1; : : : ; ym−1g 6P for every P 2C. As in the m=2
case (Claim 13), this is enough to get R0 an (F; p) N-subring extension of R. By the
induction assumption, c 2 JS and so we must have c2 IS.
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Now, suppose J Q where Q is a height one prime of R. Then since R is a UFD,
we can nd a d2R and an ideal J  of R such that J = dJ  with J  not in any
height one prime of R and yj = dzj where zj 2 J , for j = 1; 2; : : : ; (m − 1). Dene
w = s1z1 +   + sm−1zm−1. Then
c= s1y1 +   + smym
= s1dz1 +   + sm−1dzm−1 + smym
= d(s1z1 +   + sm−1zm−1) + smym
= dw + smym:
So, c2 (d; ym)T , and therefore, we can now use Claim 13 with I = (d; ym) to nd
an (F; p) N-subring R000 and c = v1ym + v2d with v1; v2 2R000 (v1 and v2 will be x1
and x2 from Claim 13). Now, as J  is not in any height one prime of R and R is
an (F; p) N-subring, we have J R000 not contained in any height one prime ideals of
R000. Hence, we can apply the previous case using J = J R000; I = (z1; : : : ; zm−1; ym)R000
and c= v2 to get R0 and an element c 2 J T . Now we must show c2 IS. Notice that
v2 =w− ~tym by the construction, with w2 J  and ~t 2 S, so v2 2 J S + ymS. It follows
that v2d2dJ S+dymS and this implies that v2d2 JS+dymS. So, v2d2 IS. Hence, as
v1ym 2 IR0 IS, it follows that c = v1ym + v2d2 IS, and the proof is complete.
The following two lemmas show that certain elements of T can be adjoined to an
N-subring (or (F; p) N-subring) of T that will result in another N-subring (or (F; p)
N-subring). Lemma 14 is taken from [5] and the proof can be found there.
Lemma 14. Let (T;M) be a complete local ring; and p2SpecT . Let R be an N-subring
of T with p \ R= (0). Suppose C SpecT satises the following conditions:
(i) M 62C;
(ii) p2C;
(iii) fP 2SpecT jP 2Ass (T=rT ) with 0 6= r 2RgC; and
(iv) AssT C.
Let x2T be such that x 62P and x + P is transcendental over R=(R \ P) as an ele-
ment of T=P for every P 2C. Then; S = R[x](R[x]\M) is an N-subring of T properly
containing R; jSj= sup(@0; jRj); and S \ p= (0).
Lemma 15. Let (T;M) be a complete local domain; p2SpecT and F a p-subset of
SpecT . Let R be an (F; p) N-subring of T . Suppose C SpecT satises the following
conditions:
(i) M 62C;
(ii) p2C;
(iii) fP 2SpecT jP 2Ass (T=rT ) with 0 6= r 2RgC;
(iv) F C.
Let x2T be such that x 62P and x + P is transcendental over R=(R \ P) as an ele-
ment of T=P for every P 2C. Then; S = R[x](R[x]\M) is an (F; p) N-subring extension
of R properly containing R and jSj= sup(@0; jRj).
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Proof. First, use Lemma 14 to show that S is an N-subring. We must only show that
S satises condition (ii) of being an (F; p) N-subring as condition (i) follows from
Lemma 14 and condition (iii) follows from Lemma 8. Let q2F . Since R is an (F; p)
N-subring, R \ q = zqR where zq is a prime element of T . Clearly, zqR[x]R[x] \ q.
Suppose f(x)2R[x]\ q. Since by our hypothesis, q2C, we have x+q is transcendental
over R=(R\q) as an element of T=q, so the coecients of f(x) must be in q\R= zqR.
It follows that f(x)2 zqR[x] and so zqR[x] = R[x] \ q. Hence, S \ q = zqS for every
q2F where zq is a prime element of T . So, S is an (F; p) N-subring extension of R.
Recall that in the nal result, there are many prime ideals Q of T for which we
desire Q \ A 6= (0). The following lemma allows us to adjoin an element of such a Q
without destroying the crutial (F; p) N-subring properties.
Lemma 16. Let (T;M) be a complete local domain of dimension at least two satis-
fying Serre’s (S2) condition with jT=M j>@0; p a prime ideal of T such that p 6= M;
and F a p-subset of SpecT . Suppose Q is a prime ideal of T such that Q 62F implies
Q 6p and Q 6q for every q2F . Let R be an (F; p) N-subring of T . Then there ex-
ists an (F; p) N-subring extension S of R such that R S T; jSj = sup(@0; jRj); and
Q \ S 6= (0).
Proof. If R \ Q 6= (0), then S = R is the desired (F; p) N-subring. Note that if
Q2F , then R \ Q 6= (0). So, we may as well assume R \ Q = (0); Q 6p and Q 6q
for every q2F . Let C = fpg [ F [ fP 2SpecT jP 2Ass(T=rT ) with 0 6= r 2Rg.
Suppose QP where P 2AssT=rT with 0 6= r 2R. Then, as depth (Tp) = 1 and T
satises Serre’s (S2) condition, we have htP = 1 and it follows that Q = P. But,
0 6= r 2P \ R=Q \ R which contradicts that R \Q = (0). So, Q 6P for every P 2C.
Suppose P is a prime ideal of T and dene D(P) to be a full set of coset represen-
tatives of T=P that are algebraic over R. Let D =
S
P 2C D(P). Now, use Lemma 2
to nd an x2Q such that x 62 S fr + P j r 2D; P 2Cg. It follows that x + P is tran-
scendental over R=(R\P) as an element of T=P for every P 2C. Then, by Lemma 15,
S = R[x](R[x]\M) is the desired (F; p) N-subring.
Once again, keeping in mind Proposition 1, we must have the map A! T=M 2 surjec-
tive. Lemma 17 allows us to adjoin an element of the coset u+M 2 while maintaining
the (F; p) N-subring properties.
Lemma 17. Let (T;M) be a complete local domain with dimension at least two sat-
isfying Serre’s (S2) condition; jT=M j>@0; p a prime ideal of T such that p 6= M;
and F a p-subset of SpecT . Suppose Q is a prime ideal of T such that Q 62F implies
Q 6p and Q 6q for every q2F . Let R be an (F; p) N -subring of T and u2T . Then
there exists an (F; p) N-subring extension S of R such that the following are true:
(i) R S T where R S is proper containment;
(ii) jSj= sup(@0; jRj);
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(iii) S \ Q 6= (0);
(iv) There is a c2 S with u− c2M 2.
Proof. First use Lemma 16 to nd an (F; p) N-subring R0 such that RR0T , jR0j=
sup(@0; jRj), and R0 \ Q 6= (0). If P 2SpecT , dene D(P) to be a full set of coset
representatives for the cosets t + P such that (t + u) + P is algebraic over R0=(R0 \ P)
as an element of T=P. Now, let
C = fpg [ F [ f(0)g [ fP 2SpecT jP 2Ass(T=rT ) with 0 6= r 2R0g
and D=
S
P 2C D(P). If P 2fAss(T=rT ) j 0 6= r 2R0g, then depthTP = 1. As T satises
Serre’s (S2) condition, htP=1. Note that the dimension of T being at least two implies
htM > 1, so P 6= M . It follows that M 2 6P for every P 2C. Now, use Lemma 2 with
I =M 2 to nd t 2M 2 such that t 62 S fP + a jP 2C; a2Dg. Let R00 = R0[u + t] and
S = R00(M\R00): Then, by Lemma 15, with x = u + t, we have S is an (F; p) N-subring
of T and jSj= sup(@0; jRj). For conclusion (iv) in the lemma, c= u+ t is the desired
element. The rest of the conclusions are clear.
To begin our construction, we must show that a complete local UFD of dimension
at least two admits a subring that is an (F; p) N-subring. We do this in Lemma 20
which will rely on Lemmas 18 and 19.
Lemma 18. Let (T;M) be a complete local UFD of dimension at least two; p 6= M
a prime ideal of T and F a p-subset of SpecT . Then there exists a set fxq j q2Fg
of prime elements of T such that xq 2 q; xq 62p; and if q; q0 2F then xq 2 q0 implies
q= q0.
Proof. Let q2F , C = fpg [ F − q and D= f0g. Now, use Lemma 2 with I = q. Let
wq 2 q with wq 62p [ F − q. Then, there is a prime factor xq of wq such that xq 2 q.
This xq is easily seen to be the desired element.
The following lemma is Lemma 14 from [5] and that is where the proof can be
found.
Lemma 19. Let (T;M) be a complete local UFD of dimension at least two; p2SpecT
with p 6= M; R0 an N-subring of T with R0 \ p = (0). Let 
 be a well-ordered set
with least element 0 and assume either 
 is countable or for every 2
; we have
jf2
 j<gj< jT=M j. Let () = supf2
 j<g. Suppose fR j 2
g is an
ascending collection of rings with R \ p = (0) for every 2
 and such that if
() = ; then R =
S
< R; while if ()<; then R is an N-subring and jRj 
sup(@0; jR()j).
Then S=
S
R satises all conditions to be an N-subring of T except the cardinality
condition; jSj  sup(@0; jR0j; j
j); and S \ p= (0).
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Lemma 20. Let (T;M) be a complete local UFD of dimension at least two and with
jT=M j>@0. Let p 6= M be a prime ideal of T such that p\ (the prime subring of
T ) = (0). Let F be a p-subset of T such that q\ (the prime subring of T ) = (0) for
every q2F . Then there exists an (F; p) N-subring of T .
Proof. First, employ Lemma 18 to get a set fxq j q2Fg of prime elements of T such
that xq 2 q, xq 62p for every q2F and xq 2 q0 where q0 2F implies q= q0. Let 
= F
well ordered so that each element of 
 has fewer than j
j predecessors. Let 0 denote
the rst element of 
. We will recurseively dene an ascending chain of N-subrings
of T , fR j 2
g such that the following four conditions are satised (recall, () is
dened in the statement of Lemma 19):
(a) R \ p= (0) for every 2
;
(b) R is an N-subring of T and jRj= sup(@0; jR()j) for every 2
;
(c) If ()<, then    implies R \  = txR where t is a unit of T , while
> implies R \  = (0);
(d) If () = , then R =
S
< R.
Now, dene R0 to be the prime subring of T and R0 = R0(R0\M). Then, R0 \p= (0),
R0 \ = (0) for every 2
, and R0 is an N-subring of T . Let 2
 and assume that
R has been dened to satisfy conditions (a){(d) for every <. If () = , dene
R =
S
< R. Then, by Lemma 19, R satises (a){(d). So, assume ()<. Let
C = fpg [ F [ fP 2SpecT jP 2AssT=rT with 0 6= r 2R()g − :
Suppose x 2P where P 2AssT=rT with 0 6= r 2R(). Then xT P, but as T is
a UFD, it satises Serre’s (S2) condition. As depthTP = 1, we have htP = 1 and so
xT =P. However, 0 6= r 2P\R() = xT \R() = (0), a contradiction. It follows that
x 62P for every P 2C and that
 62 fP 2SpecT jP 2AssT=rT with 0 6= r 2R()g:
Now, let P 2C and dene D(P) to be a full set of coset representatives for those
cosets y + P that are algebraic over R()=(R() \ P) as an element of T=P. Let
D=
S
P 2C D(P). Now, use Lemma 3 to nd a unit t such that tx 62
S fP+ r jP 2C;
r 2Dg. So, tx + P is transcendental over R()=(R() \ P) for every P 2C. By
Lemma 14, R = R()[tx](R()[tx]\M) is an N-subring of T , R \ p = (0), and
jRj= sup(@0; jR()j). So, conditions (a) and (b) hold for R.
We now show condition (c) holds for R. Suppose < and let f(tx)2
R()[tx]\. Then, since tx+ is transcendental over R()=(R()\) as an element
of T=, the coeecients of f must be in R()\=(tx)R(). So, f2 (tx)R()[tx].
Hence, R()[tx] \  = (tx)R()[tx] and it follows that R \  = (tx)R. Now,
let g(tx)2R()[tx] \ . Then, since x 2 , the constant term of g must be in
R()\=(0). So, g2 (tx)R()[tx]. It follows that R \=(tx)R. Now, suppose
>. Then if f(tx)2R()[tx]\, the coecients of f must be in R()\=(0),
so f = 0 and it follows that R \  = (0). Hence, R satises conditions (a){(d).
We now dene S =
S
2
 R. By transnite induction, R satises conditions (a){
(d) for every 2
. By Lemma 19, S satises the conditions to be an N-subring except
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the cardinality condition, jSj  sup(@0; jR0j; j
j) and S \ p = (0). Now, jF j< jT=M j,
so S is in fact an N-subring of T . Dene zq = tqxq for every q2F . Note that zq is
a prime element of T since xq is a prime element and tq is a unit of T . We claim
S \ q = zqS for every q2F . To see this, let q2F and f2 S \ q. Then f2R for
some   q and ()<. So, f2R \ q= zqR zqS. Hence, S \ q zqS. The other
containment is clear by the construction. So, S\q=zqS for every q2F . Now, suppose
q; q0 2F and q\ S = q0 \ S. Then zq 2 zqS = q\ S = q0 \ S, so zq 2 q0. But, this implies
that xq 2 q0. By the way the xq’s were chosen, this implies that q= q0. Hence, S is an
(F; p) N-subring of T .
Lemma 21. Let (T;M) be a complete local UFD of dimension at least two; p2SpecT
with p 6= M; F a p-subset of SpecT; and R0 an (F; p) N-subring of T . Let 
 be
a well-ordered set with least element 0 and assume either 
 is countable or for ev-
ery 2
; we have jf2
 j<gj< jT=M j. Let () = supf2
 j<g. Suppose
fR j 2
g is an ascending collection of rings with R \ p = (0) for every 2

and such that if () = ; then R =
S
< R; while if ()<; then R is an (F; p)
N-subring extension of R and jRj  sup(@0; jR()j).
Then S =
S
R satises all conditions to be an (F; p) N-subring extension of R
except the cardinality condition and jSj  sup(@0; jR0j; j
j).
Proof. First, note that by Lemma 19, S is an N-subring except for the cardinality
condition, jSj  sup(@0; jR0j; j
j), and S \ p= (0). So, we must show that S satises
condition (ii) of being an (F; p) N-subring (condition (iii) will follow from Lemma 8).
Now, replace 
 by 
0=
[  and > for all 2
. Let R= S. It suces to show
that for each 2
0; R satises condition (ii) of being an (F; p) N-subring of T .
We will use transnite induction, the case = 0 being trivial.
Let q2F and suppose R0 \ q= zqR0 where zq is a prime element of T . Assume that
for all < we have R\q=zqR. We will show that R\q=zqR. Now, if ()<
then the statement is clear by Lemma 9. So, assume () =  and R =
S
< R. Let
f2R \ q. Then f2R for some <. So f2R \ q= zqR zqR. It follows that
R \ q= zqR. Hence, by induction, S \ q= zqS and the lemma follows.
The following lemma shows that we can construct an (F; p) N-subring S such that
for every nitely generated ideal I of S, we have IT \ S = I . This, of course, will be
needed so that we can employ Proposition 1.
Lemma 22. Let (T;M) be a complete local UFD with dimension at least two,
jT=M j>@0; p a prime ideal of T such that p 6= M; and F a p-subset of SpecT.
Suppose Q is a prime ideal of T such that Q 62F implies Q 6p and Q 6q for every
q2F . Suppose R is an (F; p) N-subring of T and t 2T=M 2. Then there exists an
(F; p) N-subring extension S of R such that the following are true:
(i) R S T where R S is proper containment;
(ii) jSj= sup(@0; jRj);
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(iii) S \ Q 6= (0);
(iv) t 2 Image(S ! T=M 2); and
(v) For every nitely generated ideal I of S; we have IT \ S = I .
Proof. First, use Lemma 17 to nd an (F; p) N-subring extension R0 of R such that
RR0T; t 2 Image(R0 ! T=M 2); jR0j = sup(@0; jRj); and R0 \ Q 6= (0). We will
construct S to contain R0, so conditions (i), (iii) and (iv) will follow automatically.
Let

 = f(I; c) j I a nitely generated ideal of R0 and c2 IT \ R0g:
Now, since I can be R0, we have jR0j  j
j, and j
j  jR0j is clear since the number
of nite subsets of R0 is jR0j. So, j
j = jR0j. Well-order 
 so that it does not have
a maximal element and let 0 denote its initial element. Now, we will dene a family
of (F; p) N-subrings. Begin with R0. If () 6= , and () = (I; c), then choose R
to be the (F; p) N-subring extension of R() gotten from Theorem 10 so that c2 IR.
If () = , choose R =
S
< R. Set R1 =
S
2
 R. Then, by Lemma 21, R1 is an
(F; p) N-subring extension of R0 and jR1j = jR0j. Also, if I is any nitely generated
ideal of R0, and c2 IT \R0, then (I; c)= () for some 2
. So, c2 IR IR1. Thus,
IT \ R0 IR1.
We repeat the process to obtain an (F; p) N-subring extension R2 of R1 such that
IT\R1 IR2 for every nitely generated ideal I of R1. Continue to obtain an ascending
chain R0R1    such that IT \Rn IRn+1 for every nitely generated ideal I of Rn.
Then, S =
S
Ri is an (F; p) N-subring extension of R. If I is a nitely generated ideal
of S, then some Rn contains a generating set for I , say y1; : : : ; yk . If c2 IT \ S, then
c2Rm for some m  n. So, c2 (y1; : : : ; yk)T \ Rm, so c2 (y1; : : : ; yk)Rm+1 I . Thus,
IT \ S = I , so condition (v) holds. Condition (ii) is clear by our construction. Hence,
S is the desired (F; p) N-subring extension.
Finally, we get the desired result.
Theorem 23. Let (T;M) be a complete local UFD with dimension d  2; jT=M j  c;
p a nonmaximal prime ideal of T; and F a p-subset of SpecT. Furthermore; suppose
p \ (the prime subring of T ) = (0); q \ (the prime subring of T ) = (0) for every
q2F; and htp + 1  ht q for every q2F: Then there exists a local UFD A such
that A^=T; A\p=(0); Q\A 6= (0) for all prime ideals Q of T such that htQ> htp
and for every q2F; A \ q = zqA where zq is a prime element of T. Moreover; if
q; q0 2F then q \ A= q0 \ A if and only if q= q0. Furthermore; if htp<d− 1; then
A can be constructed to satisfy the additional property that for any prime ideal Q
of T such that Q 6p and Q 6q for every q2F; Q \ A 6= (0).
Proof. First, consider the case where htp<d−1. Dene 
1=F[fQ2SpecT jQ 6p
and Q 6q for every q2Fg, well-ordered so that each element of 
1 has fewer than j
1j
predecessors. T is Noetherian, so each Q is nitely generated. Hence, j
1j  jT j. But,
as jT=M j  c, we have jT j = jT=M j. Now suppose j
1j< jT=M j. Then use Lemma 2
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with C = fP 2SpecT j ht P = htp+ 1g; I =M , and D= f0g. Note that since C 
1,
and C contains innitely many elements, we have
jC  Dj= jCj  j
1j< jT=M j:
Then, by Lemma 2, M 6S fP 2 SpecT j ht P = htp + 1g. But this is a contradiction
as M is actually equal to this set. Hence, j
1j= jT=M j. Pick an index set for 
1 and
call it B. Now, employ Lemma 20 to get an (F; p) N-subring of T and call it R0. Let

2 =T=M 2, well-ordered so that each element of 
2 has fewer than j
2j predecessors.
Since the cardinalities of 
1 and 
2 are the same and since we are ordering both sets
so that each element of 
i has fewer than j
ij predecessors, we can use B for the
index set for both of the 
i’s. (B could be the rst ordinal of cardinality jT=M j.) Let

 = f(Qa; ta) jQa 2
1; ta 2
2; where a2Bg
well-ordered in the obvious way using B as the index set. (So 
 is the diagonal of

1  
2.) Let 0 designate the rst element of 
.
We recursively dene a family of (F; p) N-subrings as follows. R0 is already dened.
If ()<, use Lemma 22 so that R is an (F; p) N-subring extension of R() so
that for () = (Q; t ), we have t 2 Image (R ! T=M 2), and Q \ R 6= (0). If () = ,
dene R =
S
< R.
Then A=
S
2
 R is the desired UFD. To see this, we use Proposition 1 to show A is
Noetherian and A^=T . By construction, A! T=M 2 is surjective. Now, let I be a nitely
generated ideal of A with generating set fy1; : : : ; ykg, and suppose c2 IT \ A. Then,
fc; y1; : : : ; ykgR for some 2
 with ()<. So, by Lemma 22, (y1; : : : ; yk)R =
(y1; : : : ; yk)T\R, so c2 (y1; : : : ; yk)R IA. Hence, IT\A=I . It follows by Proposition
1 that A is Noetherian and A^=T . Note that by construction, A\p=(0), if q2F then
A \ q = zqA where zq is a prime element of T , and for any prime ideal Q of T such
that Q 6p and Q 6q for every q2F , Q \ A 6= (0).
Now, if htp = d − 1, then we can go through the same argument with 
 = T=M 2.
Note that for the A in the above theorem, we have that (A=(A \ q))  ht q− 1 for
every q2F . A consequence of Theorem 23 is that we can construct a class of rings
with easily describable generic formal bers.
Corollary 24. Let (T;M) be a complete local UFD with dimension d> 2; jT=M j  c;
p a prime ideal of T such that htp<d−1 and F a p-subset of SpecT . Furthermore;
suppose p \ (the prime subring of T ) = (0); q \ (the prime subring of T ) = (0) for
every q2F; and htp + 1  ht q for every q2F . Then there exists a local UFD A
such that A^=T; A\ q= zqA where zq is a prime element of T and the generic formal
ber of A is
fP 2SpecT jPpg [ fP 2SpecT j for some q2F; P q and zq 62Pg
Proof. First, use Theorem 23 to get the desired A. Let
G = fP 2SpecT jPpg [ fP 2SpecT jP q and zq 62P for some q2Fg:
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We only need to show that G is contained in the generic formal ber of A and the rest
follows from Theorem 23. Since A \ p = (0); fP 2SpecT jPpg is in the generic
formal ber of A. Now, let P be a prime ideal of T such that P q for some q2F
with zq 62P and suppose P\A 6= (0). Then P\A q\A=zqA. Now, as A\P 6= (0), we
must have that P \A= zqA, contradicting zq 62P. Hence, P \A= (0) and the corollary
follows.
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